Introduction. Let A be a family of real valued upper semicontinuous functions defined on a compact Hausdorff space E.
A closed set F c E is called determining for A if every function feA attains its maximum on F. If for the space E there exists one and only one minimal determining F = F(E, A) (i.e., a determining set such that no proper closed subset of it is determining), then F is called the boundary of E with respect to the family A. 
A function he A is called a barrier-function of A at & point x e F = F(E, A) if and only if h(x) > h(x) for x Φ x, xeF.
A point x e F for which there is a barrier-function of A is called a semiregulαr boundary point of E with respect to A. If for a point xe F there exists a continuous (at the point x) barrier-function, then x will be called a regular boundary point of E with respect to A.
Let D be a set contained in a topological space and let f(x) be a real function defined on D. Then the function /* defined in the closure D of D by means of (1) f*(x) = lim sup/(a?') , x'eD, xeD , Let / be an upper semicontinuous nonnegative function defined in a compact set E. We shall denote by \\f\\ E the maximum of / on E, \\f\\ E = max j6β /W.
We say that a family A of functions / defined on E is separating (or A separates the points of E) if for any two points x 1 Φ x 2 of E there is a function /ei such that /(xj Φ f(x 2 ).
A well known theorem of Silov [5] 
asserts: If A is a family of absolute values of all functions of a separating algebra of complex continuous functions defined on a compact Hausdorff space E, then E has the boundary F with respect to the family A.
This boundary is sometimes called a Silov boundary of E (with respect to the given algebra). E. Bishop [3] has recently proved that if E is metrizable and A is a complete (with respect to the uniform convergence) Banach algebra of continuous function on E, then the Silov boundary of E is the closure of regular points of E with respect to A.
Let us mention that the papers of S. Bergman [1] , [2] on the domains with a distinguished boundary surface are the first to indicate the significance of the boundary of a domain D with respect to the algebra of holomorphic functions of several complex variables in D.
Recently it appeared that the notion of the boundary of a set with respect to the family of functions, which do not necessarily form an algebra, may be useful. For instance, Bremermann [4] , considering a generalized solution of the Dirichlet boundary value problem within the family of pluri-subharmonic functions in a domain D of the space C n of n complex variables, had to consider the boundary of D with respect to the family of pluri-subharmonic functions in D. The boundary values, in the procedure described by Bremermann, could be given just on the Silov boundary of D and nowhere else. But the family of pluri-subharmonic functions does not form any algebra. Also in the case of the first boundary value problem for the heat conduction equation u xx -u t ~ 0 in a domain D y the boundary values can be given only on a part of the boundary of D. That part is a Silov boundary of D with respect to the solutions of the inequality u xx -u t i> 0. Those solutions do not form any algebra, of course.
The aim of this paper is to prove the existence of the boundary with respect to function families much more general than the algebras, namely, for the families A which are closed only under the multiplication or addition of functions of A.
This fact can be applied to a uniform treatment of a Perron procedure of upper envelopes with respect to various function families having the boundary. Suppose that for a function family A there exists a boundary There are well known examples of function families (which are not any algebra) within which the solution of the Dirichlet problem was found just by means of the Perron procedure [4] , [6] Proof. Due to Lemma 1 it is sufficient to prove that E has only one minimal determining set with respect to A. The proof of the uniqueness may be given by a literal repetition of Silov's proof in [5] . This repetition is possible because Silov used only the assumptions formulated in Theorem 1.
REMARK. If c is a positive real number and f(x) is any real function upper semicontinuous on a closed set E, then the functions c f and / attain their maxima at the same points of E. Therefore, E has a boundary with respect to A if and only if E has a boundary with respect to Ά, where Ά denotes the family of functions g which can be written in the form g = c /, c > 0, fe A.
The function family A considered in Theorem 1 is closed under the operation of multiplication of functions of A. A similar theorem holds 1 The integer k may depend on x. U'[xj or $. 2 The similar theorem has been proved in [7] .
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for function families closed with respect to additions of functions of A. and moreover there exists a point c^ e ^ and a point t/ t e V γ for which
THEOREM 1'. Let
This was the first step of our proof. To begin the next one, let us observe that one can find an integer n 2 > n x so large that l|θ(a;, x λ ) < -i-1 c U x {x^) and h λ {x) ^ -ίor xe U 2 .
Since F x is a minimal determining set there exists f o e A such that H/olL == 1> /o(ff) < 1/4 for αseFJC/a and / 0 (S 2 ) = 1 for a point xeU 2 . We define / x (x) = f Q {x)h λ {x). We have /,(£) < 1/4 for x e ^ | U 2 or x e F 2 \ V, and /i(S 2 ) i^ 3/4. So H/JU ^ 3/4 and there is a point y 2 e V λ such that /i(^2) = H/ilU Therefore, the function/ = (/i/H/JU)*, Λ being a suitable integer, satisfies the conditions l/ll =/d/ s ) = l and /(x)<-for^GFJC/, or xeF 2 \V γ . 4 The function /(cc) is continuous, so one can find an integer m 2 > m 1 so large that V 2 (y 2 ) = {y\ρ{y u y 2 ) < Iβ**} c V x and /(]/) ^ 3/4 for ye V 2 .
Since F 2 is minimal, there is a function g e A and a point y 2 e V 2 (y 2 ) such that \\g\\js = flr(^2) = 1 and g(y) < 1/4 for F 2 \ V 2 . Therefore, the function 
Since Ϊ7 
(x) Φ h(y). Without any loss of generality we may assume that h(x) < h(y). Let h(y) -h(x) -3ε. Since h(x) is continuous, we may find two neighborhoods U(x) and V(y) such that h(x) < /ι(&) + ε for # € U(x) and /ι(^) -ε < /t(τ/) for y e V(y) .
Since U v and F v converge to x and |r, respectively, there is an integer v Q such that U VQ C Ϊ7(α) and V VQ C F(^f). Let M = ||fc|U, and let m be so large that M/2 W < ε. Then the function b(x) = /i(x) [/^v o (^)] w satisfies the conditions:
Thus the function b(x) attains its maximum \\b\\ E on F 2 and δ(α ) < \\u\\ B for x€ F^ Therefore, F λ is not a determining set. This contradiction completes our proof.
A simpla consequence of Theorem 2 is the following
be a separating family of real continuous functions defined on a compact metric space E, and let A be closed under the addition operation.
Then E has a boundary with respect to A.
3 Regular boundary points. The following theorem is a reformulation of the theorem by E. Bishop (see [3] , p. 633) in a slightly more general form. THEOREM 
If A is a separating family of nonnegative continuous functions defined on a compact metric Hausdorff space E and if 1° A contains positive constants, 2° A is closed under addition and multiplication of functions of A, 3° A contains limits of uniformly convergent sequences of functions of A) then E has a boundary F with respect to A, and F is the closure of regular boundary points of E with respect to A.
Proof. The boundary F exists by Theorem 2. Let x ΰ be a fixed point of F and let U {) = U(x) be a neighborhood of U o . It will now be our task to find a regular point in the neighborhood Now we can define a function g e A, which is a barrier function of A at the point y 0 . Namely, in the same way as in the proof of Theorem 2 of [3] , we at first construct, by induction, a sequence of functions g n eA such that
where {Uμ n+1 } is a suitably chosen subsequence of {U n }. We put g λ (x) = 3/2 [f 1 (yo)]~1fi(x) and check that g x satisfies (ii) and (iii). Assuming that g l9 --,g k have been constructed, we define g k+1 in the following way. Since g k is continuous and g k (y 0 
and check that flf lf flf 2 , •••, g k9 g k+1 satisfy (i)-(iv) (for details see [3] , p. 633). A barrier function of A at the point y is given by The statements of (1) and (2) , n are separating for (4) and (5). The functions f μ (x) = x^ -x μ , μ = 1, 2, , n, £ μ (2/) = ε μ (i/ μ -|r μ ), /i = 1, 2, , m are separating for (6) . Let us observe that the family (5) involves as a special case the family of double-harmonic functions. It is well known [1] that the boundary of a bicylinder with respect to double-harmonic functions is equal to the boundary of the bicylinder with respect to holomorphic functions. A similar situation holds for strictly pseudo-convex domains. But it is not known what is the situation for general domains. The relation between the Silov boundary of a domain D c C n with respect to holomorphic functions and with respect to pluri-subharmonic functions has been investigated in [4] .
The family (6) involves as a special case the family of "subparabolic" functions (compare [6] ).
Any linear function f(x) = a λ x λ + a 2 x 2 + a n x n + δ, where a k are real numbers, satisfies the system of inequalities g 7(ΐ) [/] ^0, i -1,2, « ,Z. Let D be a strictly convex domain in the space R n . This means that for any point xeD\ D m being a topological boundary of D, there is a hyperplane a λ x λ + + a n x n + 6 -0 which has no common points with D, except the point x. Therefore, the function f(x) = a λ x x + ••• + a n x n + b (multiplied by -1, if necessary) is a continuous barrier-function of family (5) 
